Review: Modular Inverses 2- %3 =37 ¢
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We say y is the modular inverse of « in mod m if _ S»I_ 1Y
z-y =1 (modm) = |4

This inverse exists iff gcd (z, m) = 1.

For example: The inverse of 3 inmod 5 is 2, because:
3:2=6=1(mod5)
However, the inverse of 10 in mod 12 doesn't exist, because there is no solution to

10z = 1 (mod 12)



The problem of finding the inverse of a in mod m reduces to finding integers x, y that satisfy the
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equation X = A moﬂ( m

ar +my =1
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This equation states that the product ax is 1 away from some multiple of y.
If we were to take "mod m" on both sides, we would end up withaz = 1 (mod m).

Here, x represents the inverse of a. _ !
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e.g. Inverse of 3 in mod b:
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How can we find &, y? For small numbers, Guess and Check. In general — Euclid's Extended GCD
Algorithm (today!)
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Inverse of 10 inmod 12:
10z + 12y =1

But, since 10 and 12 share factors:
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We want integer solutions for , y. However, this equation implies that the sum of two integers is a
fraction! Not possible.

Takeaway: The inverse of a in mod m exists iff gcd (a, m) = 1. More formal proof of this in the

homework.



Goal: Find integer solutions to ax + my = 1 (i.e. a linear combination of a, m that sums to 1).

Euclidean algorithm:

# Assumes a > b
def gcd(a, b):
if b == 0:

return—gcd(b, a % b)
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e.g.

ged(26,15) = ged(15,11) = ged(11,4) = ged(4,3) = ged(3,1) = ged(1)0) =1

How can we use this process to find coefficients x, y? 30{ (q ) 1) = ﬂ ¢ o{ 0 / 0)
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At each step, let's use the division algorithm, and rearrange for the remainder:

(1) gcd(26,15) = 26 =1-15+ 11 = {1)=26 —1-15 )
(2) ged(15,11) = 15 =1-11 44 =)= 15 — 1(i1)
(3) ged(11,4) =11 =2-4+3>(3=11-2(2)"
(4) ged(4,3) > 4=1-3+1=1=4-1(3) ¢

[z 26-%x +(5 Y
We know that if gcd(a, b) = 1, there will be some step in the process where we have
gcd(some number, 1).

We can now plugin (3) into (4), then (2) into that result, and then (1) into that result. What do you

observe?
|= a—b-C
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—4-1-(11-2-4) —3@}11

=3-(15—-1-11)—-11=3-15—-4-11

—3-15—4-(26—-1-15)="7-15—4-26

This tells us both that 15 = 7! (mod 26) and —4 = 3 = 26! (mod 7).
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Determine 9! (mod 14), using the Extended Euclidean algoritt.
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