






n d

q, r

n = dq + r

0 ≤ r < d

positive
or negative

T
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Examples
-

-

n :

dividend
, ) consider n

- -23
,

D= 5

d : divisor

q : quotient

23=5-4+3
r : remainder a ) consider n= - 37

,
d=8

-

- 37=8 .

remainder when dividing
- 37

by 8 is 3 .



r = 0 n = dq + r d n d∣n

∀a ∈ N, b ∈ Z, a∣b ⇒ ∃c ∈ Z : b = ac

dln

2- IN

is a @
8/24 ⇒ Jc : 8c=24

,
c E 21

→ c =3

81C -24 ) → 8C -

37=-24

3422 b. e . y Fc : 3c= 22
,

CEI



n > 1 n n

2, 3, 5, 7, 11, 13, ...

iff its only
in



n

n n

i = 2, 3, ...,n − 1 i∣n

def is_prime(n): 
 if n <= 1: 
  return False 
 for i in range(2, n): 
  if n % i == 0: 
   return True 
 return False 

a
' f b : remainder

when darling
a by b

False
an

an

True



n a, b n = ab

a > b > ab > n

a ≤ b ≤

⌊ ⌋

def is_prime(n): 
 if n <= 1: 
  return False 
 for i in range(2, int(n**0.5)): 
  if n % i == 0: 
   return True 
 return False 
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a , b E I
,

n
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ur

True



n

n

f(3) → [2, 3]

f(20) → [2, 3, 5, 7, 11, 13, 17, 19]

€
2 3

-45
I " mulhteles of a

647 -8/9#
I "

multiples of 3

I I XX13441512
,

3,5 , 7,11 ,1/6
17

#19201
13

,
17,19



n > 1

2520 = 2 ⋅ 2 ⋅ 2 ⋅ 3 ⋅ 3 ⋅ 5 ⋅ 7

= 5 ⋅ 7 ⋅ 3 ⋅ 2 ⋅ 3 ⋅ 2 ⋅ 2

= 2 ⋅ 3 ⋅ 5 ⋅ 7

2520
2520

2 3 5 7

3 2



19600
4 2 2

I 9600 = 2 i 5 i 7 2 48

2 24

2-
19600 2 12÷:p: H:2-
98

7- 49
→ 48=24.3
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n = p p ...p

p , p , ..., p n a , a , ..., a
a ∈N

1
a1

2
a2

k
ak

1 2 k 1 2 k

i 0 @e.g.
50=2

'
. 30.5.70 . IT. . . . .

=L
'

. 52



1) why isn't 1 prime
?

epresentafims
10 = I - 2 . 5 aren't unique .

= 12 . 2 . 5y
these n

( O O

= I . 2 . 5

2) what if ai e 21 ? → can cover all

positive rationals

II =
2

?
3

35 If
= 22.3 . 5-

'

. f
- I



255558

10000 = 104 = ( 2. 5)
4

= 24.54
22225555 C 55552222

2222 → 44

2222 → 28

digits : 2,8 , 5,5, 5,5

⇒ 1255558J



Proof by Contradiction /
-

.

Assume only finitely many primes ,

piipa.py.r.i.PK-i.PK
Consider

of =p , paps -
- pre - i Pk th

I ) q is prime → contradiction !
q not in list

2) q is not prime
→ 3 p

'
sit . p

. Iq
, p

.

prime

Claim : p
" not in pi , Pe ,

.  -
- Pk

why ? suppose p
"

=p i ,
i e a

,
k ]



suppose p
'

= pi

q =p . P2p ,
- -

- Pie . , Pie t '

FT I.

if poelq → ¥ = n
, ,

ni EIN

if
p

.
-

pi , p , paps -
- - Pree Pk
#

= nz
,

na
E IN

→ n
,

= nztpt → only possible when p
" =L

but : I is not prime
!

±

p.isnotinpi.pe/.--P#'

- - there exists a prime not in our list

: - by contradiction
, primes are infinite .



n = p p ...p n = p p ...p

n ⋅ n = p p ...p

1200 2520

1 1
a1

2
a2

k
ak

2 1
b1

2
b2

k
bk

1 2 1
a +b1 1

2
a +b2 2

k
a +bk k

2520

1200 = 24 . 3
'

. 52t÷¥¥ :

1200-2520 = 27 . 33 . 53. 71



a, b gcd(a, b)

d (d∣a) ∧ (d∣b)

Consider 1200
,

2520

1200 = 24 . 3
'

. 52 . 70

2520 = 23 . 32 . 5
'

. 7
'

gcdll200,25201=23 . 3
'

. 5
! 70 = 1120J

2mm
G. 4 )

I 2
'

and 2mm
G. 4) 124



a = p ⋅ p ⋅ ... ⋅ p b = p ⋅ p ⋅ ... ⋅ p

gcd(a, b) = p ⋅ p ⋅ ... ⋅ p

gcd(a, b) = 1 a, b
1

1
c1

2
c2

k
ck

1
d1

2
d2

k
dk

1
min(c ,d )1 1

2
min(c ,d )2 2

k

min(c ,d )k k

if p
is prime ,

god ( a
, p ) -

- I
,

a not a

multiple of p



∀a, b ∈ N, ∃u, v ∈ Z : au + bv = gcd(a, b)

u, v

①
potentiallynegative

e.g . consider a
= 5,6=13

gcdC5,l35 ut 13 v = I

5C - 5) t 13 ( 2) = 1

548) t 13 (¥3 ) = I



gcd(a, b)

def gcd(a, b): 
 assert a >= b 
 if b == 0:  
      return a 
    return gcd(b, a % b) 

god Ca
, b) = gcdcb ,

a % b)

god ( 13,5 ) c132t3 g
god ( t

,
3 )5t2gso Ya; t.scacms.IT



a, b

lcm(a, b) = p ⋅ p ⋅ ... ⋅ p

min gcd max

a = 1200 = 2 ⋅ 3 ⋅ 5 b = 2520 = 2 ⋅ 3 ⋅ 5 ⋅ 7

gcd(1200, 2520) = 2 ⋅ 3 ⋅ 5 ⋅ 7 = 2 ⋅ 3 ⋅ 5 ⋅ 7 = 120

lcm(1200, 2520) = 2 ⋅ 3 ⋅ 5 ⋅ 7 = 2 ⋅ 3 ⋅ 5 ⋅ 7 = 25200

1
max(c ,d )1 1

2
max(c ,d )2 2

k

max(c ,d )k k

4 2 3 2

min(4,3) min(1,2) min(2,1) min(0,1) 3 1 1 0

max(4,3) max(1,2) max(2,1) max(0,1) 4 2 2 1

1200 = 24 . 3
'

. 52 . 7
°

2520 = 23 . 32
. 5

'

-

71,224is a nymphof both 23,24
i n 3

l

, 3
h

-
-  -  -

-



ab = lcm(a, b) ⋅ gcd(a, b)

Max ( x. y ) t min ( x. y ) = X ty

1cm (a ,
b) =p ,

" " " ' 'd

"pam±¥
.

. . p.maxcck.dk
)

god Ca
, 4 = p.m" " " dip

.

"" .
. .p.mn C cradle )

1cm ( ai b) . god ( a. b) =

p ,

" ta '

pzcztdz
⇐ talk
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