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Announcements

e Quiz grades will be released tomorrow.

e Homework 5 will follow a different schedule:
o It will be due next Friday, March 15

o Itis similar to the length of two homeworks, but all of it is relevant for next Thursday's quiz

o Question 1is a mid-semester feedback survey — please fill it out and be as detailed as
possible!

o Will also post more practice questions as | see necessary, but they will be optional

e Again, feel free to reach out if you have any concerns regarding your performance in this class



Number Theory

Now, we will begin talking about number theory:

the branch of mathematics that deals with the properties and relationships of numbers, especially
positive integers

Today:

e Division Algorithm

Divisibility
e Primality
e Fundamental Theorem of Arithmetic

e Greatest Common Divisors and Lowest Common Multiples
Next two classes: Modular arithmetic (will heavily rely on this content, though).

Chapter 3 is a work in progress, though 3.1 is almost complete. Most of what we will cover today is
already posted there. Would highly recommend taking a look.



fb%lr‘h\l
o ) 6!'/7\/2'
Division Algorithm 7 J

The division algorithm states that if 1 is ahy infeger and d is a positive integer, there exist unique

integers q, r such that
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Divisibility

In the case where 7 = Qinn = dq + r, we can say that "d divides n", represented as d|n.

More formally, if we have that N
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Prime Numbers .ﬁC (f5 only

We say anintegern > 1 is prime iﬁfé’@nly factors are 1 and n. If n has factors other than 1 and
itself, then we say it is composite. The number 1 is neither prime nor composite.

The smallest few prime numbers are 2, 3,5, 7,11, 13, ... However, it turns out that there are
infinitely many primes, and therefore there does not exist a largest prime. We will look a proof of this

fact shortly.
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Determine if . is prime " A b

Given n, how can we determine if 11 is prime?

Solution 1: Enumerate through ¢ = 2, 3, ...,n — 1, and see if i|n.

def is_prime(n):
if n <= 1:
return False
for i in range(2, n):
if nsi==0: False

return #zue
return Eaixse
Tvwe

How can we optimize this?
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Key Observation: If 1 is not prime, then we can find a, b such that n = ab.

e Ifwehavea > y/nandb > y/n,thenab > n
e Therefore, wemusthavea < y/norb < v/n

e Therefore, we can just look at the integers up upfil | /7 |

Updated implementation:

def is_prime(n):
if n <= 1:
return False v
for i in range(2, int(n**0.5)):
if n % i == 0:
return Fre Talse

return F#ase

LV wne



Finding all primesup ton

Now, let's consider the problem of finding all primes up to and including 7. In other words, we want a

function with the following behavior:
f(3) = [2,3]
£(20) — [2,3,5,7,11,13,17,19]

This can be done by the Sieve of Eratosthenes. S (h)yles o f 2
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Fundamental Theorem of Arithmetic

The FTA states that any natural number n > 1 is either a prime or can be written as a unique
product of prime factors.

For example, we can say that
2520:2-2-2-3-3-5-7J
=5:-7-3-2-3-2-2

@32.5.7

1. We can write 2520 as the product of primes

FTA states

2. This prime factorization is unique —i.e., any product of primes that equates to 2520 will consist
of the three 2s, two 3s, one 5, and one 7
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Determining Prime Factorizations

As an example, let's determine the prime factorization of 19600.

¢ 2 &
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Canonical Representation of Natural Numbers

We can now say

where p1,
multipliciti
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D2y oes the prime factors of nand a1, as, ..., ai represent their respective
(a; €Np).
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Example: What is the smallest number whose digits multiply to 10,0007

t Y
Voo = 1o = (2-s) =2t
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Proof: Infinitely Many Primes /
Y,oof bﬂ, Con badicfion Y
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Multiplication Using the Canonical Representation

Suppose we have n; = py'py’...p,*F andny = plil pgz ...pzk. Then, by exponent laws,

a1+b; _as+bsy ar+by,

niy-nz2 =p; Py - Pp
A f 2$ 20
For example, consider 1200 and 2520. ¢
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Greatest Common Divisor

Now, consider the idea of the greatest common divisor of two numbers a, b, gcd(a, b).

This is, we want the largest d such that (d|a) A (d|b).

ConSides 200, 2520
200= gt 357
9520 = 27 3 S

304((200,2%'20)‘» PR 7 /@
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General Formula for GCD

Suppose we have @ = pf! - p3? - ... - pj* and b = p{' - p§* - ... - pj¥. Then:
gcd(a, b) _ p?lnz'n(01,d1) . p'lz’nin(cz,dz) L pzzin(ck,dk)

Note: Iff gcd(a, b) = 1, we say a, b are relatively prime or coprime, i.e. they share no factors

(other than 1).
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Linear Combinations

The following theorem will become widely useful when we start talking about modular arithmetic:

Va,b € N, @: au + bv = gcd(a, b)
r)of‘wﬁ‘aw?\ nL?aﬁW

Note, we are not saying u, v are unique.
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Euclid's GCD Algorithm

Euclid presents another method way to compute gcd(a, b):

def gcd(a, b):
assert a >= b
if b == 0:
return a
return gcd(b, a % b)

3&01 (a,b) = 3C4C‘97 a /. b)

jco{(rs,s') 1%=52+7 N\
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1200= 273" ¢% 2
2520 = Q’.gl'g"%’
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Lowest Common Multiples 7 (
} -3, 3
In a similar fashion, we can define the lowest common multiple between a, b:
max(c1,dy)  maz(cy,ds) max(c,dy)
lem(a,b) =p; 7V epy e lepy

Here, the min from the gcd is replaced with the max. This is because a divisor will be less than or
equal to a number, whereas a multiple will be greater than or equal to a number.

Forexample:a = 1200 = 2% .3 .5%andb = 2520 =23.3%.5. 7.
gcd(1200, 2520) — 2min(4,3) . 3min(1,2) . 5min(2,1) . 7min(0,1) — 23 . 31 . 51 . 70 — 120
lem (1200, 2520) = 2mex43) . gmaz(1,2) | gmaz(21)  gmaz(0.1) _ 92 . 32 . 52. 7l — 25200

-—
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Example

Prove that ab = lcm(a, b) - gcd(a, b).

“Ma><<fx > +omin (X, g) = X +Cb71
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