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Announcements

e Homework 7 is out, due Sunday 11:59pm
o Only 3 problems long, you can even think of it as a "vitamin"

o More involved homework on these topics will be due following week

Today: Will finish talking about the Binomial Theorem, and start talking about Vieta's formulas. There
is also a note on the website for Vieta's; would again highly recommend a read.



Formalization of the Binomial Theorem

The binomial theorem states
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withk € {0,1,2,...,n}.



Example: Sum of Coefficients

What is the sum of the coefficients of (32 — 4z)
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Example: Sum of the nth row of Pascal's Triangle

Previously, we proved that the sum of the n2th row of Pascal's Triangle is 2" using a combinatorial
argument. How can we do this using the Binomial Theorem?
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Example: Approximations

We know that (Z) is only defined for whole numbers n, k, suchthatn > k. This is because n! is
only defined for whole n.

. n .
However, we can rewrite (k) to not use any factorials.
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Now, for example, to compute 34/8.03: . 0
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Calculator yields 2.00249688.



Example: Proof of Freshman's Dream

The freshman's dream identity states
(z +y)" =2 + y” (mod p)

for a prime p. How can we use the Binomial Theorem to help us prove this?

(xoy) = ate (1) g e (po 5



Example: Determining Coefficients without Expansion

Suppose we want to determine the coefficient of 2% in (z° — 5)”. How can we use the general
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Example: Re-writing Sums AX
Suppose we have
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Trinomial Theorem?

Suppose we want to expand (a: + Yy + z)”. We could treat x + vy as a single term and use the
binomial expansion...

(z+y+2)"=((z+y)+2)"

n

= (g) @" — (J@"lwr e (n"j 1) (z +y)2" + (Z)z"

However, we would then need to expand each term (& + y)i again with the binomial theorem...
that's messy.

(xiy+2)(xtyrz) (< Fgt 2)

11



Y h=2 c=1¢
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Suppose a general term in the expansion of (:13 + vy + z)" contains a xs, b ys and ¢ zs. Then, we
must have that a + b + ¢ = n, since the total number of parentheses we choose from in the

ust be exactly n.. Then:
|
A S 2%y’ 2¢ /7 “+erm ¢

The coefficient #,'c, comes from the number of ways to arrange a s, b ys and c zs (think back to
counting the number of permutations of MISSISSIPPI).
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Example: Calculate the coefficient of z* in the expansion of (x — 3z7* +4)°.

~ /
( 3z %) (4)°

( a'b'c' 3’?4@- //

We negd a — 2b = 4, with the constraints 0 < a, b, c < 8 an@qL c@h some trial
and erkar; we can identify the only two solutions, (4, 0,4) and (6, 1, 1).

Then: A-Rb= L,L
9-2.0>¢
l4,04 = 04'g'4'3044w4 — 17920z" ?’f - ﬁL
6 2=
t671,1 — ( 1 6'1'1' 41 4 = —336334 ? l’ _

Thus, the coefficient on 2% is 17920 — 336 — 17584.

13



(7&&)": 2@)”{;&}'(

Generalization of the "Trinomial Theorem"

n n! a b_c
(x+y+2)" = E Yz
alblc! |
a,b,c:a+b+c=n o }/-.
This is similar to the way we can represent the binomial theorem: " o
: n-I l
n.
n __ a, b n-2 2
a,b:a+b=n ‘
’ () 'd)
N— /

However, this expression of the "trinomial” theorem is less meaningful, as there's no easy way to
express this sum any simpler.
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Multinomial Theorem p 4,12
We can further define the "multinomial” coefficient: ‘(*L‘lz
4

n n!
ki ko k) kilkol.. k!
Under the assucm ko + ... + k,;, = m,INis term is the number of ways to select one
subset of size k. one su 5, ... and one subset of size k,,, from a group of n items.

n ’I’L—k'l n—kl—kz ’I’L—kl—kz—...—km_l
k1 ko ks km

n!
ki'ko!ks! k,,!
A _ 7 ’ _ 7\ ‘ A
K K, £k, | K (V\,wi <
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For example, (1 i i 2) is the number of permutations of MISSISSIPPI (we choose 1 character to be an

M, 4tobeanl, 4tobeanSand?2tobeaP). (
k ko ke
? K',kl - 4 l)(z XA«

Then: n (

)

(x1 + 22+ ... + )" =

ki+ko+...+km=n

This last expansion is that of the "multinomial” theorem!

Question: What is the sum of all multinomial coefficients @erms? (Hint: With m, = 2, whatis

this quantity?) with a rfm)l A

(3)+() e 1 (0) =4
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Vieta's Formulas a: ¢ -

(Recall: A polynomial of fgree N has exactly n roots, soye of which may be the same, and some
of which may be complex. The no s.)

Vi
() = ax? + bx + c, ih terms of its roots, without having to find the roots specifically.

s formulas give usaway to interpret a polynomial in standard form, e.g.

In the above p(x): what is the sum of the roots? The product?

One way to determine: Use the quadratic formula to solve for both roots, and simplify.

(1 i

O(OM,/(Q éaﬁ/l waylcx‘
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(x) = Ax“ b+ C
? A roets N, Y2

Using the quadratic formula:

—b+ Vb2 —4dac —b— Vb? — 4dac

T2 = 2a ’ 2a
Then: \Z
—b+ +/b? — dac — b— V/b? — 4ac 2b
1+ Ty = = ——
2a 2a
[ b+ Vb —dac) [ —b— Vb —4dac\ b — (b* —4ac) 4dac
T2 = 2a 2a N 4a?  4a?
It works! How would we extend this to cubic polynomials, though? C’)C — 2 _\L
There's a simpler way to look at this. F ) L x %(X T Ig\
Sum I~
o~
ok 1S
pok - L,






Suppose p(x) = ax? + bx + chastwo roots, 71 and 75. Then:

p(z) =alx —r)(x—1ry) = ar’ — a(ry + 7r2)x + aryre

By comparison, we cansee b = —a(r; + r3) and c = arirs, i.e.
b
T+ Ty = ——
a
c
riro — —
a

This is the same result we found before, using the quadratic formula.
These are Vieta's formulas for degree-2 polynomials.

np(z) = 4x 4 3z + 3, we see that the sum of the roots is — 2 and product is 5

1
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(x) = 37( J$x " 27—
: Sum H prods — 'i—T— - L7L

What about for cubic polynomials, of the form p(a:) — CL3£C -+ a2w2 + a1x + ag? Let'sassume
p(x) has roots 11, 9, 7'3. Then:

asx> + asx® + a1x + ag = ag(xz — r1)(x — r2)(x — 7r3)

~__ /
We have the following choices in this expansion:
e We can choose 3 s and no roots, yielding 3
e We can choose 2 s and one root, yielding (—7; — 7y — 73)x? = —(r1 + 79 + 73) x>

e We can choose 1 x and two roots, yielding
((=r1) - (=r2) + (=71) - (=73) + (=72) - (=73))x = (r1ra + 1173 + ror3)
 We can choose no s and three roots, yielding ((—71) - (—72) - (—73)) = —717273

Thisgivesr] + 79 + 173 = — 2, P17y + r1r3 + ror3 = X, and 71773
g a,3 a’3

—_—

alternating signs.
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Each successive term is a sum of products of roots, taken in different quantities at a time.

o — Z_z — 11 + ro + 73 isthe sum of the products of the roots, taken one at a time, since

multiplying a constant by nothing is the constant itself.

o There are (3) — 3 terms in this sum

1

. Z_; — 1179 + r173 + 7273 isthe sum of the product of the roots, taken two at a time a€" it

features all 3 possible combinations of two different roots multiplied together.

o There are (3) — 3 terms in this sum

2

¢ — Z—g — 717973 is the sum of the product of the roots, taken three at a time 8€" there is only

one way to take three items at once, and this is that one way.
o There are (g) — 1 terms in this sum

Exercise: Without manual expansion, determine Vieta's formulas for polynomials of degree 4.
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aszt + asz® + asx® + aix + ag = ag(z —r1)(x —7ro)(x — 7r3)(x — 74)

as Lr
—a—:"“1+7°2-|-7°3-|-7°4 |
4
__
as L.',
PO + 173 + T1T4 + ToT3 1 ToT4 + T3T4 )
4
al q
——— = T1T2T3 + T1T2Ty + T1T3T4 + T2T'374
a4 (/
ao
— = T1T2Tr3ry4
a4

We can generalize this to n-degree polynomials!
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Generalized Vieta's Formulas

p(z) = apx™ + an 12" L+ ...+ asx® + a1z + ag

= ay, Z(—l)k (sum of the products of the roots of p(x), taken k at a time) "k

k=0 \//\_/—\ /

The algebraic definition isn't as important. What's more important is identifying this pattern.
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() - Supzz x )K"
AP

o
25



The binomial theorem is actually just a special case of Vieta's formulas, when all roots are the
same! For example, suppose n = 4, r; = cfor all 2 and the leading coefficient is 1. Then:

p(z) = (z —c)* = (3) o (;l) z3c + (;l) ric? — (g) zc® + (j) ct

Using Vieta's formulas for n = 4:

2
Ao = 1179 + T173 + 1174 + T9T3 + ToT4 + 7374 = bC

ay = _(T1T2T3 + r17raTy -+ r17Tr374 -+ 7“2’]"3’["4) — —4:C3 ( L{’)

aAg — Ir11roryry — C4
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Example: Suppose a, b satisfy 2° — 18z + 18 Determine a® + b°.
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Example: p(z) = x> — Ax + 15 has three real roots, two of which sum to 5. What is | A|?
rl ’(l r). = S
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Example: p(z) = 2% — Az @as three real roots, two of which sum to 5. What is | A|?

Solution: Let 71, 7 be the roots that sum to 5. This must mean r3 = —39, since ¥y

r1 +7r9+1r3 =5—5 =0 (thereisno 2 term). f‘ 2 = V2

We also know 17973 = —15. Then,

—A =riry + 1173 + 1rory = r3(r1 +12) + rire

rirars

= r3(r1 +1r2) +
rs

—19 /
:—5(5)+_—5=—25—|—3:_22

Thus,

Al =22
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