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Announcements

e Quiz 1on Thursday!

o 3:40-4:10 in class. Reach out if you require DSP accommodations.

o Will cover content from Lecture 1 until today, roughly corresponding to Chapter 1 in our
book.

o No cheatsheets.

o Highly recommend attempting Homework 2 before the quiz, and looking at last semester's
midterm (linked on the website).

o Homework 1 walkthrough video also exists.

o Add/drop deadline is tomorrow! Make sure to enroll in the units for the course.



Propositions and Logical Operators

A proposition is a statement that is has a definitive value - either true or false. Logical operators allow
us to form complex propositions. These form the basis of everything we'll see in propositional logic.

Our building blocks are the conjunction, disjunction, and negation operations.

Conjunction: A N\ B, read"A and B", is only when both A and B are true.

In set theory,

ANB={x:z€ ANz € B}

A B AANB )ra\m\"
True True True k\fv@(\"

True False False
False True False

False False False



Disjunction: A \V B, read"A or B", is true when either A or B is true (i.e. when at least one is

true).
phdy

In set theory,

AUB={z:xzc AVzec B}

A B AVBEB

True True True Ao’ botlh b be !
True False True (w‘ (ke Convevsehonal
False True True ¢ V\g/l ($ L\)

False False False



Negation: = A, read "not A", is true when A is false.

In set theory,
A 4= {z: (zc A)}
{x: XA

M - D
J
AN

—

For example, suppose we have three propositions U, P, E defined by U () = x is under 30,
P(z) = x is prime, and E(x) = x is even. Then,

E
U(@)()OP())e()

is a proposition that reads " is under 30 and ¥3##® not prime or even".



De Morgan's Laws, Revisited

De Morgan's Laws allow us to simplify and re-write negations. Recall, we saw in Set Theory that the
following rules apply for sets A, B:

(ANnB)Y = A U B¢
(AUB)Y = A° " B¢
It turns out that the same rules agply for propositions P, Q!

~(PAQ)=-PV-Q

PveEyrn e

We can prove De M 'slaws using truth tables. We use truth tables to prove that two logical
expressions,afe equivalent, i.e/ that upon the same inputs, they produce the same outputs.
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Proof of 7(P A Q) = =P V —Q:

P Q ~(PANQ) -PV—-Q PA
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F F T
T T F
T T r
T T F

e | 6 | (Pva) -P1Qa
T|T| F F
U | F F =
T F 2



‘E: 1 s even T T s Madioel
P b iy prine

Example

What is the negation of the statement, (t Is even and not prime)or(irrational and prime}?
Hint: First, start by re-writing the statement in propositional logic.

\M;QEA1F>\/ (]E/\P> ll

bvia ’I(Au&)
= 1A AAE
g ation o (E/\-\P)\/(I/\P>> o
~~ ] ’](A/\@)
= 1(Ene) AG(TAP) = 14 v a8

2<1EV77P> /\ <7IVﬂP> T 15 ot evem o Pring,
= (\EvP) (AT vaP) T b imbe

oV Vw’f\(QVM



Exclusive OR

Consider our regular "OR" operation: K twrite /4 @ B PR s °f
A B AVB \/ / /l , - 7
True True True J

True False True

False True True

False False FEalse

A @ B, read"A xor B", is true when exactly one of A, B is true.

A | B (AV(%)AT(AAB)

True True

True Falge
False Truie

False Falsg



(A\/E> /\ ('7/\\/712>

Clam:A@® B=(AVB)AN—(AAB).

Proof:

A

True
True
False

False

B

True
False
True

False

L

1y

A®B (AVB)A-(AAB)

False
True
True

False

False
True
True

False

N~ ~——
Q z(/w\/be&w'(‘ )

uS\\,\?_ DQ MWJM 's
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f{: ? / than OL
Implications

P = (), read"P implies (0", says that if P is true, then () must be true; if P is false, it says
nothing about () (() could either be true or false).

For example, if all we know about today's date is that it's Christmas, then we also know that the
current month is December. However, if we don't know that it's Christmas, then it may or may not be

P X

today is Christmas = the current month is December

December. We could then say:

P Q P=0Q

True True True

Tudly Table
True False False d @fcmc M»\ol(‘wcb‘&'\

False True True

False False True

(l\\]uf'l‘ o Fh'u’H/\ VA/NE.
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ir\/v’o'\\ca’l'?hz\S e Jhwf‘
LKPregs (oas witl a

Proth  wha

Suppose | make the promise to you that if it rains tomorrow, | will give you 100 dollars. The “truth

Another interpretation of the implication:

value” of this implication is whether or not | held my promise:

e If it rains tomorrow, and | give you 100 dollars, | held my promise! (T)
e If it rains tomorrow, and | don't give you 100 dollars, | did not hold my promise. (F)
e |f it does not rain tomorrow, and | give you 100 dollars, | held my promise! (T)

e |f it does not rain tomorrow, and | don't give you 100 dollars, | still held my promise! (T)

P v &
<T7/\@\>\/'1P

Can we rewrite P = () interms of \V, A\, —?
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P €\

A > XT s Lven

= x5 odd o X is evem

Weclaimthat P = () = -P V (). 1P \/ @
P Q P—-Q -PVvQ
True True True True
True False False False
False True True True
False False True True

Since P = () and =P V () produce the same outputs on all combinations of inputs, we can say

the two expressions are equivalent.

13



Example P S &

Determine the negation of the following statement:

"if £2 is prime, then t is not an integer"
\_/ \' /

4 A\

p= G = 17 v (o
1(P=e) = (kP v BL)

= 9P A 1 6O 5/%/\7QJ

5 ’tl s TN?"N’— sl T s an M”{Zgl@f
Y oA LEEN
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Negation of an Implication

In general, the negation of an implication of the form P = () is P A\ —(). We can derive this using
De Morgan's Laws:

—|(P - Q) — —I(—IP V Q)

= (+=P) A (-Q)

This is an extremely important result. We wil use it extensively when we talk about proofs.

15



Extensions of the Implication

We'll now look at two common logical expressions that are related to the standard implication,

P = Q:

 The contrapositive, =() = —P
e The converse, () = P

16



Contrapositive Y= B A=Fz 1AV E

The contrapositive, =() = — P, of an implication is actually logically equivalent to the implication

itself!

(- ﬁQiﬁPEﬂ(—uQ)\/(ﬂP)EQ\/ﬂP/
g | P=2alB=2F A~ \/sz/
=PV

=P=0Q

If a s{atemenﬂ reads "if P, then Q its contrapositive reads "if not Q then not P."

Examples:
Statement Contrapositive
If it is sunny outside, | will wear my If | don't wear my sunglasses, it is not sunny
sunglasses. outside.
If it is a square, it is a rectangle. If it is not a rectangle, it is not a square.

A statement and its contrapositive mean the exact same thing. Why do we need it, then?

17



Converse F—’——? @&

The converse, Q = P of animplication, unlike the contrapositive, is not equivalent to the original

implication.
If a statement reads "if P, then Q its converse reads "if Q then P."
Examples:

Statement Converse

If it is sunny outside, | will wear my sunglasses.  If | wear my sunglasses, it is sunny outside.

If it is a square, it is a rectangle. If it is arectangle, it is a square.

If f IS a bijection, it is both an injection and |If f Is both an injection and surjection, itis a
o both ettt 7

surjection. — ?  bijection.

: , . If it is currently December, then today is
If today is Christmas, it is currently December. ,
Christmas.

Examples 1, 2, and 4 are examples of a converse not being equivalent to the original statement.
However, in example 3, we have that the two statements mean the same thing; this is a special case.

18



P= @
Cnvese 6D
Determine the contrapositive and converse of the statement, Con MY st 10D+ P

Example

"if p and q are prime, ther(gcd(p, —lorp=gq.)

2!
Hint: You will need to use De Morgan's Laws to negate the second half of the implication when

finding the contrapositive.

~ ,'L virX
. », Thun (s N6 .
C_om't”‘FosIﬁV& - 'f jul(f’i) 1 wd P=Y, o g (7 nof privsz

Ix(:) <t e

f(?ﬁ)=7‘[‘><z) = X2 X
Y e

foNVE/SK |\f]Q 3CA([9/7,>:/ v P ’)(75’\( = f{’x 7!(%@
Foew fw\o{ g~

17\/‘()’%«
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h wnchen 16 QUACC‘{?\/Q ’)jf it Ts  beth
§‘wj<c+z\t£ VN

! J’é cfve
A < B, read"Aif and only if B", says that A is true only when B is true, and A is false only when
B is false - in other words, that A and B are equivalent.

If and only if

Another interpretation of this is, A iff B is true when both A = B and B = A, i.e. when both an
implication and its converse are true. p— \_/

For example, "it is Christmas if and only if it is December 25th" decomposes into:

rangoniy i
1. "it is Christmas if it is December 25th" lf it 65 Dee 15 Tlem ihs Chvisheas

2."itis December 25th if it is Christmas" ,‘/f ot 5 (heishmasd {’Lw s Pec ZS/

This is just a fancy way of saying "Christmas is on December 25th".

™
1

B
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Consider the following truth table:

A B A& B (A= B)A(B=A) Ae b 3(74=>E>/\(g,_->,4)

True True True True
True False False False
False True False False

flse False @ True

e.g., Today being Christmas implies that today is December 25th, and today being December 25th
implies that today is Christmas - since these two propositions imply one another, we can say they're

equivalent.

Important for proof techniques! When we end up proving a statement of the form "if and only if",
we will have to prove both directions, i.e. A = Band B = A.

21



Existential and Universal Quantifiers

‘. o oA n, P(‘X) 51
) f N

e universal quantifier V, read "for all" VZ‘X V(T

e existential quantifier 3, read "there exists"

Recall: f : A — Bissurjectivev@enVb € B,da € A : b = f(a).

ot

e.g. Suppose E(x): "z iseven"and U(x): "z is odd." What do the following statements mean?

vz €N, E(z)vU() = [ M webwals

AN 1S even &

/VwEN,E(x)/\U(a:) x 1s edel

L (hue)
JC dl nahwads

"
A 1S wen and

« Ts oo(x (fAsa)
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De Morgan's Laws for Quantifiers

De Morgan's Laws allow us to change a universal quantifier into an existential quantifier, and vice

versa. ot AL studeuts excs s a  Studeat ot
e 50’91/10\»”"25 2 (s nolt a Co/’l\.bunz—\{
—(Vz P(x)) = Jdz - P(x)

—(dz P = VYx -P —  all studenfs ax
J.OU MT é,\(‘(5+ Q 2 ( g (x)) g (x) rwrf‘ foyaétowavfs /

For example, surgposeP (x): " is prime." no shudet s &

/oflawL

1. "€t is not true that x is prime for all natural numbers x, %@ there must exist some natural
number x that is not prime."

2. "#it is not true that there exists a natural number x that is prime, s or all natural numbers z,
Z is not prime."
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Now that we've seen all forms of De Morgan's Laws, we can find the negations of complicated
statements. For example, the statement

@tht—lm
rationed ' \ } |

reads "all«g@®EEnumbers g hlave an inverge or are equ:?ﬂ to O Its rregation, ’/‘AKD\;[ Mjaﬁ‘ov\

N/ VooV \/ \_7[ > -
dJgeQ,(VteQ:qt#£1Nqg#0)
V e=> A
reads "there exists some non-zero rational number g that does not have aninverse." — &— =

We can propagate a negation through a long chain of propositions and quantifiers:

— (Ve 3y P(z,y) Q(y))
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Note: You cannot arbitrarily reverse the order of V and 3.

For example, suppose P(x, y) is the proposition > y. Then,
Ve € Z,Jy € Z : P(z,y)

states that for all integers x, there exists an irteger y that is smaller than x. However,

N
dy € Z,Vx € Z : P(z,y)

states that there is some integer y that is smaller than every other integer x. This is saying
something very different (there is no smallest integer, whereas the first statement is true).
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Sample Problem from Last Semester's Midterm

We want to be able to create our own logical operators and show that they are complete, i.e. that we
can recreate V, /\ and — using our new operation.

Consider the NOR operation, A | B, which is true only when A, B are both false:

A B A|lB A v B
T T F T

T F F T
F T F T \///\/77
F F T F



Part a: Canyou write A | Bintermsof \V, A, —=?

AlLB=2(AvEB)
Prove %V(ATHA ’{“&[o(«k

r e —
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Part b: Can you write = A in terms of |?

A LA

28



Part c: Can you write A \V B interms of | ?

AlLB = (AvR)
7(,4L1§> E77(/‘}VB)E A v -

Avez (ALg) L (ALB)
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Bonus: Can you write A = B interms of | ?
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